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We generalize Bell’s hidden variable model describing the singlet state of a two-qubits system by
extending it to arbitrary states and observables. As in the original work, we assume a uniform,
state-independent probability distribution for the hidden variables which are identified with the
unit vectors of a 3-dimensional real space. By slightly modifying our model, we provide also a
minimal hidden variable description of the two-qubits system, relying on a single hidden variable.
We discuss the main features and the implications of the model.
PACS numbers: 03.65.Ta, 03.65.Ud
Keywords: Hidden Variable Theories, Nonlocality, Contextuality
Introduction — Hidden variables theories aim at re-
ducing the weirdness of the quantum world relating it to
incomplete knowledge. The search for such theories has
been stimulated by the famous EPR paper [1] suggesting
that quantum mechanics does not provide a complete de-
scription of the microscopic word. The real challenge is to
work out model theories in which even non-commuting
observables might be thought of as always having defi-
nite values. In spite of von Neumann’s “proof” that such
a line is unviable [2], the hidden variables program has
been extensively developed, the most well-known exam-
ple being represented by Bohmian Mechanics [3].
While in quantum mechanics the vector |ψ〉 fully de-
scribes the state of a system, in the most popular versions
of hidden variables theories the complete description re-
quires additional, unaccessible variables, denoted by λ,
with statistical distribution ρψ(λ). In these theories, an
observable Q always assumes a well defined value Qψ(λ)
- coinciding with one of the eigenvalues of the associated
quantum operator - which in general depends on both
|ψ〉 and λ. Obviously, one must require that the hidden
variables theories one considers be predictively equivalent
to quantum mechanics. Lack of knowledge of the effec-
tive values of λ is responsible for the statistical spread
of quantum measurements of Q in the state |ψ〉 so that,
while in the ordinary formulation of quantum mechanics
the probabilities are non-epistemic, in these models they
become epistemic, due to our ignorance concerning the
hidden variables.
As already mentioned, the first consistent hidden vari-
ables model has been presented by Bohm [3]; it provides a
description where, contrary to the standard formulation
of quantum mechanics, the particles possess well defined
trajectories. It has to be stressed that hidden variables
theories have played a fundamental role in leading to the
identification of two basic aspects of nature: non-locality
and contextuality. In fact it is well known that the crit-
ical analysis of the bohmian version of the EPR situa-
tion has led Bell to derive [4] his celebrated inequality
which implies that any theory whatsoever agreeing with
the quantum statistical predictions for entangled states
must exhibit nonlocal causality. Here, we will deal with
nonlocal hidden variables theories for the system of 2 spin
1/2 particles. We mention that a different hidden vari-
ables model based on a completely different approach,
which explicitly resorts to classical communication, but
as general as ours, has been outlined in [5].
Bell’s model — In his famous paper, Bell has presented
a simple hidden variables model for a pair of spin 1/2
particles which reproduces all quantum predictions con-
cerning single or correlated measurements of spin com-
ponents, but, it has to be stressed, for the exclusive case
in which the system is in the singlet state,
|φ−〉 = 1√
2
(|01〉 − |10〉). (1)
We denote the spin local observables (with spectrum
{−1,+1}) of the two particles, as A(1) = σ(1) · a and
B(2) = σ(2) · b, where a and b are 3−dimensional,
real, unit vectors representing the measurement settings
independently chosen by the two parties, and σ(i) =
(σ
(i)
x , σ
(i)
y , σ
(i)
z ), (i = 1, 2) are the vectors of Pauli ma-
trices.
In the model, the hidden variables are identified with
a 3−dimensional, real, unit vector λ with uniform distri-
bution over the sphere, ρ(λ) = 1/4pi, and the aforemen-
tioned observables assume precise values depending only
on λ.
Bell gives, first of all, in terms of λ, the values taken
by the observables when only one of the two systems is
subjected to a measurement process:
A(1)(a;λ) = sign(a · λ), B(2)(b;λ) = −sign(b · λ), (2)
and then he introduces nonlocality by assuming that, in
the case of joint measurements along a and b, the values
are:
2A(1)(a, b;λ) = sign(aˆ · λ), B(2)(a, b;λ) = −sign(b · λ),
(3)
where aˆ = aˆ(a, b) is defined by θˆ = pi(1 − cos θ)/2, with
cos θ = a · b, cos θˆ = aˆ · b, and θ, θˆ ∈ [0, pi]. Non-locality is
apparent since the outcome of the measurement of A(1)
depends explicitly on b. Note that nonlocality is asym-
metrically distributed between the two particles. The
quantum mechanical averages,
〈A(1)〉φ
−
= 〈φ−|A(1) ⊗ I(2)|φ−〉 = 0,
〈B(2)〉φ
−
= 〈φ−|I(1) ⊗B(2)|φ−〉 = 0, (4)
〈A(1) ⊗B(2)〉φ
−
= 〈φ−|A(1) ⊗B(2)|φ−〉 = −a · b,
are reproduced as averages over λ, that is, one requires
that 〈Q〉λ = 〈Q〉φ
−
, where
〈Q〉λ =
∫
Q(λ)ρ(λ)dλ (5)
for Q = A(1), B(2), A(1) ⊗B(2) respectively.
Thus, it is sufficient to add to |φ−〉, the singlet state, a
3−dimensional, real, unit vector λ with uniform distribu-
tion, to assign a well defined value to all single and joint
spin components of the constituents of the system. The
price to be paid is to introduce non-locality in the de-
scription. The model is interesting since it describes the
system of two-qubits in the singlet state, which is widely
studied in quantum information, computation and con-
trol; moreover, it is very simple, since only two hidden
variables are required (for instance, the two polar coor-
dinates of λ), with uniform distribution.
A question naturally arises: Bell has limited his con-
siderations to the singlet state and to the spin compo-
nents as observables. Would it be possible to work out
a similar nonlocal hidden variables model which repro-
duces quantum mechanics for individual and joint but
factorized arbitrary observables and for arbitrary states
of two qubits? This requires to identify the appropriate
variables and to give precise rules which assign definite
values to all single and joint measurements of hermitian
operators of the Hilbert spaces of the constituents. In
the literature this problem has never been considered, to
our knowledge, in spite of the fact that there are various
cases in which one has to deal with non maximally entan-
gled states. Moreover, if this can be done, what lesson
can be learned out of it?
The problem —With these motivations in mind, we
generalize Bell’s model by considering: (i) arbitrary lo-
cal observablesX(1) and Y (2); (ii) an arbitrary pure state
|ψ〉 for the composite system. As a characteristic feature
of Bell’s model, we maintain a uniform distribution ρ(λ).
This means that |ψ〉 and λ are independent quantities,
since the knowledge of the state does not provide any
information on the hidden variables. The obvious price
to be paid to accomplish this task is to introduce an ex-
plicit dependence on the state in the expression (3) for
the value of the observables X(1) ⊗ Y (2) which will, as
before, be uniquely determined by the assignement of ψ
and λ [8]. The model represents a special case of the gen-
eral framework, where both the values of the observables
and the statistical distribution of the hidden variables are
state-dependent.
Finally, inspired by this model, we exhibit a mini-
mal hidden variables model for the two-qubits system,
in which the hidden variable consists of a single real pa-
rameter.
Quantum averages — To account for (i), we consider
observables of the form X(1) = α1I
(1) + α2σ
(1) · a and
Y (2) = β1I
(2)+β2σ
(2) ·b, with α1, β1, α2, β2 ∈ R, and a, b
as before. It is always possible to consider α2, β2 > 0 by
suitably choosing a and b, and we adopt this convention.
Relations (4) can be compactly expressed as
〈X(1) ⊗ Y (2)〉φ
−
= α1β1 − α2β2 a · b; (6)
by putting Y (2) = I(2), or X(1) = I(1), we obtain the
averages of the single, local observables, 〈X(1)〉φ
−
= α1,
and 〈Y (2)〉φ
−
= β1.
In order to take into account (ii) we use the Schmidt
decomposition for the state |ψ〉,
|ψ〉 = √µ1 |a1b1〉+√µ2 |a2b2〉, (7)
where µ1 ∈ [1/2, 1] without loss of generality, µ1+µ2 = 1,
and {|ai〉, i = 1, 2}, {|bi〉, i = 1, 2} are orthonormal bases
in the Hilbert spaces pertaining to the two parties. We
can always write |ψ〉 = N (1)U (1) ⊗ I(2)|φ−〉, where U (1)
and N (1) are a unitary operator and an Hermitian op-
erator of the Hilbert space of the first particle [9]. The
operator U (1) exists because all the maximally entan-
gled states are locally equivalent, and N (1) is defined by
|ai〉 →
√
2µi |ai〉, i = 1, 2.
We find convenient to write N (1) = cosϕ I(1) +
sinϕσ(1) · n, where n is a the 3−dimensional, real unit
vector such that σ(1) · n|a1〉 = |a1〉, and ϕ ∈ [0, pi/4].
The angle ϕ is a measure of entanglement: if ϕ = 0,
|ψ〉 is a maximally entangled state; if ϕ = pi/4 it is a
separable state. For further reference, we notice that
N (1)2 = I(1) + sin 2ϕσ(1) · n. From here on we will drop,
for simplicity, the apices (1) and (2) from the operators
which appear.
The quantum mechanical averages in the state |ψ〉 are
given by
〈X ⊗ Y 〉ψ = 〈X˜ ⊗ Y 〉φ
−
= α˜1β1 − α˜2β2 a˜ · b, (8)
where X˜ = N ′X ′N ′ = α˜1I+ α˜2σ · a˜, with X ′ = U †XU =
α1I + α2σ · a′, and N ′ = U †NU = cosϕ I + sinϕσ · n′.
The vectors a′ and n′ are obtained by rotating a and n
3through the same orthogonal transformation, induced by
U . It turns out that
α˜1 = α1 + α2 sin 2ϕa
′ · n′, (9)
α˜2a˜ = α2 cos 2ϕa
′ + (α1 sin 2ϕ+ 2α2 sin
2 ϕa′ · n′)n′.
From (8) we obtain 〈X〉ψ = α˜1 and 〈Y 〉ψ = 〈N ′2 ⊗ Y 〉ψ,
more explicitly
〈X〉ψ = α1 + α2 sin 2ϕa′ · n′,
〈Y 〉ψ = β1 − β2 sin 2ϕ b · n′ (10)
Obviously, every hidden variables model must satisfy
〈Q〉λ = 〈Q〉ψ for Q = X,Y,X ⊗ Y . Now we impose
these conditions to our model.
Generalizing Bell’s model — We assume that ρ(λ) is
the uniform distribution, and write, completely in gen-
eral:
Xψ(a, b, λ) = α1 + α2Fψ(a, aˆ, λ),
Yψ(b, λ) = β1 + β2Gψ(b, λ), (11)
where the two functions Fψ and Gψ assume values in
{−1, 1} in order to reproduce the spectra of X and Y ,
{α1 ± α2} and {β1 ± β2} respectively. As before, aˆ =
aˆ(a, b) is a function to be determined.
We define
Fψ(a, aˆ, λ) =
{
+1, if aˆ · λ > cos ξ,
−1, if aˆ · λ < cos ξ, (12)
where ξ = ξ(a, ψ) ∈ [0, pi] is fixed by 〈X〉λ = 〈X〉ψ,
leading to cos ξ = − sin 2ϕa · n without any constraint
on aˆ. Similarly,
Gψ(b, λ) =
{
+1, if b · λ < cosχ,
−1, if b · λ > cosχ, (13)
with χ = χ(a, ψ) ∈ [0, pi], and cosχ = − sin 2ϕ b · n′,
as required by 〈Y 〉λ = 〈Y 〉ψ . The correlations on joint
measurements must satisfy 〈X ⊗ Y 〉λ = 〈X ⊗ Y 〉ψ, that
can be fulfilled if and only if
〈FψGψ〉λ = −r ·b, r = cos 2ϕa′+2a′ ·n′ sin2 ϕn′. (14)
To show that this relation can always be satisfied we
define
〈FψGψ〉Min = min
aˆ
〈FψGψ〉λ,
〈FψGψ〉Max = max
aˆ
〈FψGψ〉λ, (15)
and observe that, for fixed a′, b, n′ and ϕ,
〈FψGψ〉λ assumes any value in the interval
[〈FψGψ〉Min, 〈FψGψ〉Max]. We shall shortly show
that, under the same conditions,
〈FψGψ〉Min 6 −r · b 6 〈FψGψ〉Max. (16)
It is possible to prove that 〈FψGψ〉λ is minimal when
aˆ = b, and maximal when aˆ = −b. Therefore, the explicit
forms of (15) are given by
〈FψGψ〉Min = | cos ξ − cosχ| − 1,
〈FψGψ〉Max = 1− | cos ξ + cosχ|. (17)
Proof — We find convenient to define τ, σ, ω ∈ [0, pi] such
that a · n = cos τ , b · n′ = cosσ, and a′ · b = cosω.
Therefore, (17) can be rewritten as
〈FψGψ〉Min = sin 2ϕ | cosσ − cos τ | − 1,
〈FψGψ〉Max = 1− sin 2ϕ | cosσ + cos τ |, (18)
and r · b = cos 2ϕ cosω + 2 sin2 ϕ cos τ cosσ. Now, any
triple of unit vectors must satisfy ω 6 min[τ + σ, 2pi −
(τ + σ)] and ω > |τ − σ|. From these relations it follows
that necessarily
| cosω − cos τ cosσ| 6 sin τ sinσ, (19)
which in turn implies (16). Therefore, there exists a vec-
tor aˆ such that (14) holds, and all the quantum mechan-
ical correlations are reproduced. In general, aˆ depends
on both a and b, a signature on non-locality, and it could
also depend on the state, such that aˆ = aˆψ(a, b). The
explicit expression of aˆψ(a, b) is rather lengthy and not
relevant here. QED.
The Bell model is reproduced when |ψ〉 = |φ−〉, α1 =
β1 = 0, and α2 = β2 = 1. In fact, in this case ξ = χ =
pi/2, and Fψ = sign(aˆ · λ), Gψ = −sign(b · λ).
Time evolution — The dynamics of the system is de-
termined by the Hamiltonian operator H through the
unitary propagator Vt = e
−iHt, which generates |ψ〉 →
|ψt〉 = Vt|ψ〉. This evolution produces time-dependent
quantities ϕt, nt and Ut, whose explicit forms are not
relevant here. Consequently, the time dependence de-
termines the evolution of the values of the observables
through the angles ξt and χt. Following the previous
procedure one reproduces all the quantum correlations
simply by suitably defining aˆt. Notice that, in this model,
the hidden variables λ do not depend on time, and they
are always uniformly distributed.
Minimal hidden variables model —We modify the pre-
vious model in order to produce a model based on a
single hidden variable. This is obtained by requiring
that λ belongs to a unit circle. For instance, it is suf-
ficient to choose λz = 0, but there are different, equiv-
alent choices. The assignments (11), (12), and (13) are
left unchanged, and the requirements 〈X〉λ = 〈X〉ψ and
〈Y 〉λ = 〈Y 〉ψ produce ξ = pi(1 + sin 2ϕa′ · n′)/2 and
χ = pi(1 + sin 2ϕ b · n′)/2, respectively. For the joint cor-
relations we compute
〈FψGψ〉λ = 2
pi
min{ξ + χ, θˆ} − 1. (20)
4Assuming that θˆ 6 ξ + χ, (20) is consistent with the
quantum mechanical predictions if and only if
θˆ =
pi
2
(1− r · b) (21)
with r defined in (14). We notice that (21) is compati-
ble with our assumption θˆ 6 ξ + χ as a consequence of
(19). If θˆ > ξ + χ, we cannot reproduce the required
correlations in general, but only for a restricted class of
observables. Accordingly, (21) represents the appropriate
general expression of θˆ.
Since r depends on a, b and |ψ〉, it follows that
aˆ = aˆψ(a, b). From a direct inspection of (14), we ob-
serve that it is possible to have a consistent local descrip-
tion for arbitrary observables only if cos 2ϕ = 0, that is
ϕ = pi/4. Therefore, only separable states admit a local
hidden variable model.
Contextuality — The so-called (by D. Mermin [6]) Bell-
Kochen-Specker Theorem implies that the deterministic,
nonlocal, hidden variables models discussed in this pa-
per, since they reproduce the quantum expectation val-
ues for a system whose Hilbert space is 4-dimensional,
must exhibit a contextual character. This means that it
is impossible to satisfy the (natural) requirement that if
A,B,C, ... is a mutually commuting subset of observables
satisfying a functional identity:
f(A,B,C, ...) = 0, (22)
then the values assigned to them
Aψ(λ), Bψ(λ), Cψ(λ), .... in an individual system,
must also satisfy:
f(Aψ(λ), Bψ(λ), Cψ(λ), ...) = 0. (23)
The most direct way to see that our model (as well
as the one by Bell) exhibits contextuality is obtained by
comparing the joint measurements with the single ones.
In particular, it follows directly by the very choice of the
values of joint and individual measurements that:
(A(1) ⊗ I(2) · I(1) ⊗B(2))ψ(λ) 6= A(1)ψ (λ) ·B(2)ψ (λ). (24)
As is well known the standard and simple way to prove
contextuality for a system like the one under considera-
tion has been worked out by Peres [7] by considering an
appropriate array of 9 operators. His argument obviously
holds also for our model.
A lesson: We have shown that one can easily gener-
alize Bell’s model to cover the case of arbitrary quan-
tum states and of arbitrary factorized two particles op-
erators. The most important lesson which stems from
the previous analysis is that, since the model has a
basically contextual nature, if one considers the whole
class of the hermitian operators in the four dimensional
Hilbert space, no specification has been given of the val-
ues that must be attributed to them. Typically, it turns
out to be illegitimate even to claim that to evaluate
(A(1) ⊗B(2) + C(1) ⊗D(2))ψ(λ) one can simply sum the
precise values which the model attributes to A(1) ⊗B(2)
and C(1) ⊗ D(2). In other terms, just as Bell has been
compelled to attribute to joint measurements a value dif-
fering from the product of the values of the corresponding
single measurements
− sign(aˆ · λ)sign(b · λ) 6= −sign(a · λ)sign(b · λ), (25)
the same holds for our model and one should perform
an analogous analysis and work out the appropriate
rules attributing precise values to all operators of the
4-dimensional Hilbert space of the conposite system.
We have not been able to prove in general that this
is possible for the system under investigation. We be-
lieve that in principle this line is viable, but requires a
remarkable effort.
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